INTRODUCTION

Ž . q q
Let s be a sequence of Young functions; that is, : ‫ޒ‬ ª ‫ޒ‬ n n n Ž . is an increasing and convex function such that x ) 0 for x ) 0 and n Ž .
0 s 0 for all n g ‫.ގ‬ Recall that l l denotes the Musielak᎐Orlicz n Ž .
‫ގ‬ sequence space, consisting of the sequences ␣ g ‫ޒ‬ which satisfy n n Ž < <. Ý ␣ -ϱ for some ) 0. This becomes a Banach space under the n n n Ž . Luxemburg norm
Ž .
The reader is referred to 6, 11, 15 for a general study of these classes. We Ž . shall be dealing with the Nakano sequence spaces corresponding to x n p n Ž .
w . Ž Ä 4. Ž w s x for some sequence p : 1, ϱ and denoted by l l p see 2, 12, n n n x. 14 . 1 Supported by Grant DGESIC PB98-1426.
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Actually we shall deal with the vector-valued situation. Namely, if Ž .
Ž . X is a sequence of Banach spaces, 1 F p F ϱ and p a sequence of n n n n p ŽÄ 4.
real numbers with 1 F p -ϱ, then we use the notations l l X for the n n Ž . 5Ž . 5 p space of elements x in Ł X with the norm x s l l ŽÄ X 4.
n n n n n n n Ž 5 5 p . 1r p ŽÄ 4 Ä 4. Ž. Ý x and l l p , X for the space of elements x in Ł X X n n n n n n n n n Ž . Ž 5 5 . to be also written Ý x m e such that the sequence x belongs to X n n n n n n ŽÄ 4.
l l p .
n ŽÄ 4 Ä 4.
Our aim is to study the Rademacher type and cotype of l l p , X .
n n Ž w x. Let us recall see 10, 8 that a Banach space X is said to have type p, Ž . with 1 F p F 2 resp. cotype q, with 2 F q -ϱ , if there exists a constant
for any x , x , . . . , x g X and where r stand for the Rademacher func-1 2 n k w x Ž tions in 0, 1 . The least constant for which the inequality is valid indepen-. Ž . Ž Ž . . dently of the chosen vectors is denoted by T X resp. C X . Ž the existence of a constant 0 -C -1 such that Ý C -ϱ resp.
In particular, if 1 -p F 2 F q -ϱ, one obtains that l l p has cotype n Ž .
' q for p s1rlog n q 1 but not for p s1r log n q 1 and
also, that l l p has type p for p s p y 1rlog n q 1 but not for n n ŽÄ 4.
' p s p y 1r log n q 1 . In particular, we have that l l p is isomor-Ž .
phic to l l for p s 2 q y1 rlog n q 1 .
n The paper is divided into three sections. In Section 2, we present a ŽÄ 4 Ä 4. ŽÄ 4 Ä 4.
characterization of the embedding l l p , X : l l q , Y that will be n n n n the key point in our considerations. In Section 3, we give the proof of the main results. Our proof will be direct and it will not be based upon w x the characterizations of type and cotype achieved in 7 for general Musielak᎐Orlicz spaces. In Section 4, we get some equivalent formulations of the conditions ␦ and ␦ U p in the setting of Nakano sequence spaces, q and also we get several equivalent formulations of the cotype q and type p conditions for these spaces.
PRELIMINARIES ON MUSIELAK᎐ORLICZ SPACES
We shall be using different properties and results from the general theory on Musielak᎐Orlicz spaces.
Ž . A condition on s which is rather important in the study of these n spaces is the so-called condition ␦ . Let us recall that g ␦ if there exist 2 2 Ž .
1 K, ␦ positive constants and c g l l of nonnegative numbers such that 
, and a sequence a of nonnegati¨e numbers with
for u G 0 and n s 1, 2, . . . .
Moreo¨er, the norm con¨ergence in l l
is stronger than the norm con¨er-
Some useful facts whose obvious proof is left to the reader are included in the following lemma.
be a sequence of Banach n n n n 5 5 spaces, and let x g X with x s 1 for all n g ‫.ގ‬ n n n Ž . Ž . a The map j gi¨en by j x s x m e is an isometric embedding n n n n n ŽÄ 4 Ä 4.
from X into the space l l p , X for each n s 1, 2, . . . .
The next theorem is essentially known, but we include here a proof for the sake of completeness.
be two n n n n n n n n families of Banach spaces. Then
Proof. Assume first that l l p , X : l l q , Y . Let I be the n n n n inclusion map between those spaces and let us assume it has norm A. Using Lemma 2.1, we construct i : X ª Y as the composition Ij ,
where is the canonical projection from l l q , Y onto Y . Clearly,
Part b of Lemma 2.1 allows us to get that l l p : l l q . Now, by
We may assume without loss of generality K s K s K ) 1 and ␦ s .
For n g ‫ގ‬ with p F q , the inequality is redundant, because f x is n n n x w negative in 0, 1 .
Ž . For n g ‫ގ‬ with p ) q , it is clear that f x is nonnegative in the
and it reaches its maximum at the point 
If the set n g ‫:ގ‬ p ) q is finite, then there is nothing to prove.
n n Otherwise, taking 0 -C -C , we can say that the series
converges. For the converse, let us assume that series Ý C p n q n rŽ p n yq n . con-
verges for some 0 -C -1 and take a g l l p . Therefore, there
In order to see that a g l l q , we shall show that Ý a rT n n n ng ‫ގ‬ n -ϱ for any T G K rC.
0
For such a purpose, let us consider
Ä 4
n n n and now let us split the sum as follows:n n n n < < < < < < < < a a a a n n n n s.
Therefore, are have l l p : l l q . 
for all n g ‫ގ‬ and x g l l p , X and there exists 0 -C -1 such n n n n that C 1r <1r q n y1 r p n < -ϱ.
PROOF OF THE MAIN THEOREM
Let us start by getting a useful necessary condition on the Nakano sequence spaces having cotype q. 
Let n : ‫ގ‬ and let ␣ be any real sequence with Ý ␣ s 1.
Applying the condition of cotype for the vectors x s ␣ m e in l l p ,
Using now the notation a s ␣ , k s 1, 2, . . . , the proof is finished 
It is easy to check that the
, and that 0 -␦ s inf 2y 1 r
Ž .Ž .
n n Ž 1r q . then is a Young function. Clearly, we also have that x is a n n concave function. Ž . Let us now define the Musielak᎐Orlicz function s given by
First we shall prove, using Theorem 2.1, that l l : l l p . For n g ‫ގ‬ n such that p F q, the inequality is obvious. For n g ‫ގ‬ such that p ) q,
q Finally, if we assume l l p : l l , we have that there exist ␦ -1,
, and a sequence a of nonnegative numbers with a g l l
X A look at Corollary 2.2 shows that p has to be bounded. Let ␦ be n n X Ä max n p n 4 defined as ␦ s min ␦ , ␦ , and observe now that if p ) q and
Therefore, l l p : l l and the proof is over. 
Proof. Let us assume l l p , X has cotype q. Lemma 2.1 gives 
Ž .
We shall see that, for any 0 --1, we can find a sequence a such n n that p rq n < < a n < < a s 1 and
This shows that
which, according to Lemma 3.1, leads to a contradiction.
m n Given ) 0, let a be defined as follows: Since Ý s ϱ, we can n n n find k g ‫ގ‬ so that
Let a s m n for n s 1, 2, . . . , k, a s 1 y Ý k m n F m kq 1 , and
n < < Ž< < . 1r m n Now Ý a s 1 and a r F hold trivially and n n n p rq 1rm 
and with the Minkowski integral inequality,
This allows us to conclude that there exists a positive constant C such
n belongs to the unit ball of l l . Therefore, the previous estimates show that whenever we have the 1 To deal with the notion of type on these spaces, we shall use some general duality arguments. We first point out the following simple fact.
Ž . for every n such that p ) q and 0 -x F 1. Define c
